We study the heat flow for harmonic maps from a complete noncompact manifold M which satisfies conditions (a) and (b) in §1. We show that if the target manifold N is complete, the C 2 initial map has bounded image in N and has bounded energy density and bounded tension field, then the short-time solution of (1.1) in §1 exists and is unique. Additional, if the sectional curvature of N is bounded from above, either the long-time solution of (1.1) exists or the energy density of heat flow blows up at a finite time. Moreover, if N has nonpositive sectional curvature and (1.1) has a long-time solution u(·, t) whose energy density increases logarithmically, and there is a point p ∈ M and a sequence t ν → ∞ such that u(·, t ν ) converges uniformly on compact subsets of M to a harmonic map u ∞ by passing to a subsequence.
Introduction.
Let M m and N n be two complete Riemannian manifolds with their metrics given locally by ds When M and N are compact Riemannian manifolds without boundary and N has nonpositive sectional curvature, Eells and Sampson [E-S] proved that any C 1 map from M into N can be deformed to a harmonic map by solving (1.1). The analogous version for compact manifolds with boundary was proved by Hamilton [H] . If M is complete noncompact and N is compact with nonpositive sectional curvature, proved that any C 1 map from M into N with finite total energy can be deformed on any subsets of M to a harmonic map with finite total energy. Their method based on the Hamilton's results. Later Liao and Tam [Lo-T] recovered their results by studying the heat flow directly. Li and Tam [L-T] considered the case when both M and N are complete noncompact Riemannian manifolds and developed general method to study harmonic maps on noncompact manifold via heat flow. One of their main results is: Let M , N be complete noncompact Riemannian manifolds, Ricci M ≥ −K(K > 0). Let h ∈ C 1 (M, N ) with bounded energy density such that h(M ) is also bounded. Then there exists T 0 > 0 and a unique map u which satisfies (1.1) on M × [0, T 0 ). If, in addition, Riem N ≤ 0, then (1.1) has a unique solution u on M × [0, ∞) which satisfies that for all T > 0, u(M × [0, T ] ) is bounded, and sup M × [0,T ] e(u) < ∞. Furthermore, if there exists a point p ∈ M and a sequence t v → ∞ such that u(p, t v ) converges in N , then by passing to a subsequence, u(·, t v ) converges uniformly on compact subsets together with their first and second derivatives to a harmonic map u ∞ .
The Bochner formula plays a role for proving the above theorems, but it depends on the lower bound of the Ricci curvature on the domain manifold extremely. Thus, when the domain manifold is only assumed to be complete noncompact without boundary and satisfy the following two conditions: (a) There exists a constant A > 1 such that for any x ∈ M and for all
we will lose many importment estimates obtained via the Bochner formula. This class of manifolds were introduced and studied by Grigor'yan [G] . Obviously, (a), (b) are quasi-isometric invariant (with possibly different A, a and N ). It is known that if M has nonnegative Ricci curvature, then M satisfies (a), (b), see [G] . Hence this class of manifolds includes noncompact manifolds which are quasi-isometric to manifolds with nonnegative Ricci curvature. By using the distance function of target manifold and the well-known fact that the composition of a convex function in the target with a harmonic map is a subharmonic function of the domain, Tam [T1] , [T2] has got some results which assert that any harmonic map that has a bounded image in target manifold or has a bounded total energy from this class of manifolds to simply connected, nonpositive sectional curvature manifolds must be constant map. These generalized the theorems of Cheng [C] and . In this paper, we will prove the following theorem:
Main Theorem. Let M be a complete noncompact manifold without boundary and satisfy the conditions (a) and (b), N be an arbitrary complete manifold.
is bounded in N , the energy density e(h) and the tension field τ (h) are also bounded on M . Then there Here, we need some stronger assumptions on the initial data (C 2 , bounded energy density and tension field) in order to get some key estimates without using the Bochner formula (Theorem 3.4(iv), etc.). Perhaps, good estimates on the heat kernel for 1-form on this class of manifolds might weaken our assumptions on the initial data. This paper is arranged as follows:
In the second section, we will give some known results which were proved by Grigor'yan in [G] , and generalize a mean-value inequality of Grigor'yan's about the subsolution of the heat equation on this class of manifolds.
In the third section, we will derive estimates for solutions of the homogeneous and inhomogenous heat equations on these manifolds.
In the fourth and fifth sections, we will consider the questions of both the short-time and the long-time existences of solutions for (1.1). And the convergence to a harmonic map as time tends to infinity. We will prove the Main Theorem in these two sections. Acknowledgements. This work was done while the author was a graduate student in the Department of Mathematics, The 
Mean-value inequalities.
In this section, we will first give some known theorems about the volume comparison for balls, the Harnack inequality for the positive solution of heat equation, and the heat kernel estimates which were proven in [G] on a class of complete noncompact Riemannian manifolds satisfying (a) and (b), we will also prove some mean-value inequalites for the subsolution of the heat equation on these manifolds and generalize the result of Grigor'yan's (see [G] , Theorem 3.1).
Theorem 2.1. Let M be a complete noncompact manifold which satisfies (a) and (b), then (i) (Volume comparison). For all x ∈ M and all R ≥ r > 0,
where r(x, y) is the distance function between x and y, and C 1 is a constant depending only on A, a,and N .
(iii) (Heat kernel estimates). Let H(x, y, t 
where
is a constant, C 3 > 0 is a constant depending only on A, a, and N , C 2 > 0 is a constant depending only on A, a, N and C 4 .
Proof. See [G] .
We have known (see [G] , Theorem 1.4) that if complete noncompact manifold M satisfies (a) and (b), then in each ball B x (R) there is an isoperimetric inequality
with function
where Ω is the domain in M , λ 1 (Ω) is the first eigenvalue of Ω and b > 0 is a constant depending only on A, a and N .
The function
is obviously strictly monotonically increasing on (0, ∞) with range (0, ∞). It therefore has an inverse function on (0, ∞), which we denote by ω. We define functions V (t) and W (r)(t > 0, r > 0) by the equations
where C 5 , C 6 > 0 are constants which will be determined in the proof. Everywhere below we assume that the integrals in (2.2) converge to zero as t, r → 0.
It is easy to derive from (2.1) that
where β = log 2 A, C 7 , C 8 > 0 are constants depending only on C 5 , C 6 , A, a and N .
Theorem 2.2. Let M be a complete noncompact Riemannian manifold without boundary and satisfy (a) and (b). Suppose the function
(2.7)
Before proving it, we will prove some lemmas.
Lemma 2.3. Suppose, under the conditions of Theorem
Integrating the above inequality from 0 to t, we get
On the other hand,
Hence we get (2.8), here, C = 
then there exists C > 0 depending only on p such that
)R) and B x (R); and η 2 is 1 when t ≥ τ , zero when t = 0 and linear between 0 and τ . We also
)R); and η 2 as before, we have
By (2.1), (2.14), (2.15) and (2.16), we have
This is (2.12).
Lemma 2.5. Suppose, under the conditions of Theorem 2.2, that p > 1, for any θ > 0, let
then there exists C > 0 depending only on p such that, for ρ = δ 2 R 2 .
Proof. Clearly, u(y, t) is also a subsolution of the heat equation and u + (y, 0) = 0 on B x (R), by setting η 2 (t) ≡ 1 as t ≥ 0 in the proof of Lemma 2.4, we can get, in a similar way, that
Thus, the lemma is proved.
Proof of the Theorem 2.2.
and
Obviously, H k decreases monotonically, and by Lemma 2.4,
) is satisfied and σ k is a suitable choice. We will prove that for all k = 0, 1, 2, . . . , 
Thus, by (2.21),
Substituting (2.3) into (2.19), we can choose C > 0 depending only on p, A, a, and N such that (2.5) is satisfied.
By Theorem 2.1(i),
Iterating the above inequality, we get
It is easy to derive our result from this inequality.
For the inequality (2.6), Let
By Lemma 2.5 and the Moser's iteration, (2.6) can be proved by the similar argument.
Gradient estimates.
In this section, we always denote M as a complete noncompact Riemannian manifold without boundary which satisfies (a) and (b); and C as an arbitrary positive constant. We will derive various estimates for solutions of homogenous and inhomogenous heat equations on M .
Lemma 3.1. For the heat kernel H(x, y, t) of M , for any T > 0, 0 < t < T and p, q ∈ M , there exists C > 0 depending only on A, a and N such that

M
|H(p, y, t) − H(q, y, t)|dy
Proof. By the Harnack inequality (Theorem 2.1(ii)), for the fixed δ > 0,
|H(q, y, (1 + δ)t) − H(q, y, t)|dy
≤ M | exp(C 1 (1 + δ))
H(q, y, (1 + δ)t) − H(q, y, t)|dy
+ M (exp(C 1 (1 + δ)) − 1)H(q, y, (1 + δ)t)dy ≤ 2(exp(C 1 (1 + δ)) − 1), II = M
|H(p, y, t) − H(q, y, (1 + δ)t)|dy
≤ M H(p, y, t) − exp C 1 (1 + δ) + r 2 (p, q) δt H(q, y, (1 + δ)t) dy + M exp C 1 (1 + δ) + r 2 (p, q) δt − 1 H(q, y, (1 + δ)t)dy ≤ 2 exp C 1 (1 + δ) + r 2 (p, q) δt − 1 . Let s = √ C 1 r(p,q) √ δt ≥ 0, therefore, there exists C > 0 depending only on C 1 , δ such that M
|H(p, y, t) − H(q, y, t)|dy
≤ I + II ≤ C (exp(s 2 ) − 1). If s ≤ 1, then exp(s 2 ) − 1 ≤ (e − 1)s 2 ≤ (e − 1)s, thus M
≤ C (e − 1)s = C r(p, q) √ t . If s > 1, then M |H(p, y, t) − H(q, y, t)|dy ≤ 2 < 2s = C r(p, q) √ t .
Lemma 3.2. For any α > 0, T > 0 and 0 < t < T , there exists C > 0 depending only on α, A, a and N such that
since the integral of the right hand converges.
Theorem 3.3. Let f be a bounded function on M × [0, T ], and
for any 0 < t < T , we have
Proof. (i) Obviously.
(ii). By Lemma 3.1,
Theorem 3.4. Let h be a bounded function on M , and
u(x, t) = M
H(x, y, t)h(y)dy,
for any T > 0 and 0 < t < T , we have
(ii) For 0 < α ≤ 1, and
Proof. (i) By Lemma 3.1,
|H(x, y, t) − H(z, y, t)||h(y)|dy
(ii) By Lemma 3.2,
H(x, y, t)|h(y) − h(x)|dy
(iv) By using that M has polynomial volume growth and the estimate of H(x, y, t), we can prove (see Appendix)
H(x, y, t) h(y)dy,
and u t is continuous on t for t ≥ 0. Thus
Short time solutions.
Let M, N be two complete Riemannian manifolds with metrics
there exists an open neighborhood N of h(M ) with compact closure so that N can be embedded into R q isometrically for some q. If necessary, by choosing a smaller neighborhood, we may assume that there exists a bounded tubular neighborhoodÑ of N in R q .
Let Π :Ñ → N be the nearest point projection denoted by Π = (Π 1 , . . . , Π q ) = (Π A ) 1≤A≤q . By choosing an even smaller N , we may assume that Π can be extended smoothly to the whole R q so that each Π A is compactly supported. Hence
are bounded, where z = (z A ) are the standard coordinates of R q .
Consider: 
Lemma 4.2. Suppose that M satisfies (a), u is a solution of (4.1) and (4.2) which is continuous on
Proof. Since M has polynomial volume growth, this lemma follows from Lemma 3.2] .
In what follows, we will prove the short time existence for the initial value problem of (4.1) and (4.2). 
The hypotheses on h imply that for 1 ≤ A ≤ q,
as follows:
Obviously, F −1 = 0, u −1 and u 0 are well-defined and smooth on M ×(0, 1).
For 0 < t < 1, let
Clearly, p ν (t) is nondecreasing in t, and
In order to prove that u ν are well-defined, it suffices to show that p ν (t) < ∞ for all ν and for all 0 < t < 1.
When ν = 0, by Theorem 3.4(iv),
Hence u 1 is well-defined and is smooth on M × (0, 1). Suppose u ν is defined, p ν−1 (t) < ∞ for 0 < t < 1, and u ν is smooth on M × (0, 1). Theorem 3.3(ii) implies that for 0 < t < 1,
By induction hypothesis, we conclude that u ν+1 is well-defined and is smooth on M × (0, t).
on (0, T 1 ), (4.9) implies that for 0 < t < T 1 ,
Hence for all ν ≥ 1, on (0, T 1 ),
Thus u ν are uniformly bounded on M × (0, T 1 ). Therefore the following function X ν and X ν are well-defined, 13) and, for 0 < t < T 1 ,
Applying the mean-value theorem to
Inequality (4.12) asserts that for 0 < t < T 1 < 1,
by Theorem 3.3, we have Then ∇u A exists and ∇u
Note that each u ν is smooth on M × (0, T 0 ) and satisfies, for A = 1, . . . , q,
By (4.5), (4.7) and (4.12), it is easy to see that F ν and u ν are uniformly bounded on M ×(0, T 0 ). By [L-S-U, p. 211 Theorem 11.1], for any compact subset Ω ∈ M and 0 < t 1 < t 2 < T 0 , there exists C 12 > 0 and 0 < µ < 1 independent of ν and A, such that
for all x, x ∈ Ω and for all t 1 < t, t < t 2 .
Letting ν → ∞, we have
Hence by (4.20) one can conclude that u(x, t) satisfies (4.1) in M × (0, T 0 ), and lim
Obviously, T 0 depends only on the geometries of M, N and a neighborhood of h(M ) and the bounds of e(h) and τ (h). Furthermore, the energy density and the image of the solution u is bounded on M × [0, T 0 ) by a constant depending only on the known quantities mentioned above. lim t→0 u(x, t) = h(x) is uniformly on M and lim t→0 e(u)(x, t) = e(h) is uniformly on compact subsets.
Uniqueness follows from [L-T, Theorem 3.5] since M has polynomial volume growth.
Long time solutions, harmonic maps.
In this section, we will consider the long time solutions of the heat flow and the convergence to harmonic maps via mean-value inequalities. 
Proof. The proof of the Theorem 4.3 implies that T * > 0. Suppose T * < ∞ and sup
For the proof of the theorem, we need only show that the solution of (1.1) can be extended from T * . By [H] , we have, on M × [0, T * ),
Hence g(x, t) = exp(−2kst)|u t | 2 is a positive subsolution of the heat equation for functions on M . As in [Lo-T] 
therefore, let T → ∞, if s(T ) = O(log T ), we have, on M ,
Hence, the theorem follows.
Appendix.
In this appendix, we will use the argument of [Li1] , [Li2] to prove the following proposition:
